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used as data, but only in obtaining the starting values. Note
that this method can give values of the coefficients that best
fit any given fairing of the experimental data. To modify
this fairing of the data and obtain a better fit requires the
parametric differentiation technique described in this paper.
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A Transformation Theory for the Compressible Turbulent

Boundary Layer with Mass Transfer

ConsTtanTiNoe Economos*
General Applied Scrence Laboratories Inc., Westbury, N. Y.

The problem of the turbulent boundary layer with variable fluid properties and transpira-
tion at constant pressure has been treated by modification and extension of the Coles’ com-
pressibility transformation. This analysis has been applied to several cases involving mass
transfer both with and without chemical reactions. Comparison of these results with experi-
ment has shown they yield more accurate predictions for gross boundary-layer properties than
those obtained using earlier analyses. In addition, detailed analysis of velocity profiles has
shown that the transformation correctly maps the “law of the wall®’ region to a constant
property form. However, in complete analogy with the behavior observed by Baronti and
Libby for the high-speed impermeable case, it is found that the transformation distorts the
wake region of the profiles in the sense that the flat plate value of the Coles’ wake parameter I1
is not recovered. The magnitude of this distortion is shown to be roughly correlated by the
density ratio p./p. across the boundary layer.

Nomenclature
cs,és = local skin-friction coefficients
F:F = pubw/pelle, 57—)W/512e
ki,k: = law of the wall constants, Eq. (21)
M = Mach number
R.,Rz = Reynolds numbers based on z,&
Ry,R3 = Reynolds numbers based on y,7
Rs,R; = Reynolds numbers based on §,
Rs,R3 = Reynolds numbers based on 6,6
T,T: = temperature, total temperature
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u, = streamwise velocity components

U = (2e)*[(1 + 2Fa/es)v? — 11/F

v,D = normal velocity components

w = functional form = 24%*3 — 2a)

w = molecular weight

z,% = streamwise coordinates

y,§ = normal coordinates

Y = mass fraction

o = Ry/RS

8,6 = boundary-layer thicknesses

&¢ = 2F/c;,2F /ey

né o = parameters of the transformation

6,6 = momentum thicknesses

1yt = coeflicients of viscosity

I = Coles’ wake parameter, Eq. (22)

Pyp = densities

o = ‘7/-"8./ I

7,/ = shear stresses (including Reynolds stresses)
@ =& = (v/k)(2 — w) — (1/k)lna

xX = Reynolds numbers based on distance from arbitrary

initial station
Y,¥ = stream functions
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Subscripts

e = external conditions

s = gsublayer edge conditions

w = wall conditions

( ) = variables in the VP flow

() = variables in the CP flow

(") = normalization with respect to corresponding external

value, e.g., 7 = u/u,

I. Introduction

N a variety of applications associated with high-perfor-
mance atmospheric flight the problem of protecting vehicle
surfaces from intense aerodynamic heating rates is en-
countered. Among the more effective techniques for provid-
ing this protection are those which are characterized by a
nonzero normal velocity component at a solid surface, i.e.,
subliming ablation and transpiration. As a result of this mass
transfer and the associated surface roughness it can be antic-
ipated that the state of the boundary layer will be turbulent.
Accordingly, an understanding of the behavior of the variable
property (VP) turbulent boundary layer with mass transfer
is of considerable practical interest.

Existing theories!=® which treat this flow configuration
provide rough estimates of gross boundary-layer properties
such as skin frietion and (steady-state) recession rates. How-
ever, they do not provide the detailed profile information re-
quired for an aceurate description of the phenomenon since
each of them utilizes arbitrary extrapolations of the phe-
nomenology developed for the low-speed, constant property
(CP) case. In this paper a new phenomenological treatment
is developed which improves this representation by utilizing
the concept of a “compressibility” transformation to relate
the flowfield of interest to a companion CP flow. Thus, this
formulation is a generalization of the analysis of Baronti and
Libby? who treated the high-speed impermeable case by
applying the transformation theory of Coles.?

The advantage of the approach proposed here resides in the
fact that no arbitrary assumptions regarding the behavior of
turbulent momentum transport in the VP flowfield is re-
quired. Instead, it is only necessary to specify this behavior
for the CP flow for which, at least from a phenomenological
point of view, an adequate description is currently available.
Of course, implementation of this method is not possible with-
out a suitable CP formulation. In the present analysis the
method due to Stevenson?-1 is utilized for this purpose and is
described briefly in Secs. IT and III.

Finally, it is emphasized here that the basie objective in
the present paper is development of a more accurate analytic
description of the velocity field. Thus, the energy and species
solutions which are needed to complete the deseribing equa-
tions are not considered in great detail. In general, it is as-
sumed that the thermodynamics of the VP flow can be re-
lated to the velocity field. Suitable Crocco relations are
utilized to provide the required numerical values. For each
of the cases for which predictions are presented here it is
shown that the Crocco integral is a reasonably valid approxi-
mation.

II. Theoretical Considerationst

Fundamental Transformation Relations

The describing differential equations for the velocity field
of interest here are assumed to be of the form

Opu/dx —+ dpu/dy = 0 (1)
pudu/ox + prdu/dy = d7/dy (2)

t Only a brief outline of the formal development is presented
here. For more detailed derivations see Ref. 11.

COMPRESSIBLE TURBULENT BOUNDARY LAYER 759

It can be shown that this system of equations can be trans-
formed identically to the CP form

01/0% + 03/07 = 0 (3)
pudu/0% + pdu/dy = O7/dF (4)

by introduction of the following transformation relationsi:

I

It

dz/de = £(x) (5)
Bdg/pdy = n(x) (6)
@ = 4/ (¥ — $u) = ol@) (M

provided that the following correspondences between gross
boundary-layer parameters are imposed:

s/n = constant = i./u, (8)
wu, = 4/t =1 (9)
dRg/dx = F + ¢;/2 (10)
dRs/dx = F + ¢;/2 (11)
i/t = Puffubu (12)
R¢/Rs = 1/5 (13)

O

Here the existence of mass transfer in both flow regimes is
manifested by the presence of the terms F' = puv/p.u. and
F =pb,/pi..

Following Stevenson?®® the CP variables are taken to be
related by '
Velocity profiles:

- {(2F/5f) [exp(FRs) — 11; 0 < Ry < Ry,
1 — (F 4+ /2)v2® 4 0.25F9?; Ry, < Ry < R;
(15)
Skin-frietion law:
In(R%e;/2)YV2 = ki { (2/F)(2/e)V2[(1 + 2F/ep)v? — 1] —
ks — 2n/ki}  (16)
Momentum thickness:
Ri/Rs = (e;/2)V2(1 + 2F/e)V2(I; + 0.5FI3) —
(e:/2)(1 + 2F/ep)'2, — F(I, + 0.25F1y) (17)
Sublayer Reynolds number:
exp[(F*/2¢/)V*(R3.%,/2)V?] —
(1/k) (F?/2e1) V" In(R 3%,/ 2) V2 = 1 + ka(F?/28,)Y2  (18)
where
I = k" Y(IT + 1), I, = Fk;~2(1.A9T12 + 3.17II + 2)
I; = £, 7%(2.4611° + 8.3112 + 1111 + 6)
Iy = k(427114 4 20.1113 + 41.7112 4 46.611 + 24)

and k; and &, are the usual log law constants for impermeable
CP flow. (The values utilized in the present caleculations are
ks = 4.9, 1/ky = 2.43.) Note that (18) implies that the
quantity (Rs2,)Y? is not a constant as in the impermeable
case,§ but varies with the local blowing intensity. Note also

1 It is noted here that (7) represents a modification of the
original Coles’ stretching. The significance and motivation for
this modification is discussed in Ref. 11. Here we note only
that (7) follows directly from the definition of the stream funec-
tions and (6) and (9) when ¢, and ¢, are nonzero.

§ For F = 0 the constants utilized here imply (Ryg,%;/2)V2 =
10.6. See Ref. 11 for graphical representation of (18) when
F#0.
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Fig.1 Estimate of CP skin-friction coefficient from trans-

pired velocity profile data—typical result:® run A-18,

R; = 2400, F = 0.0036; selected value of ¢; has been indi-
cated by an asterisk.

that (15~17), when combined with the CP momentum integral
(11), permit determination of the streamwise boundary-layer
development when the blowing intensity F is prescribed.
Here, of course, this parameter is considered to be an un-
known, as will be indicated below.

Completion of the System of Working Equations

If it is assumed that F is a prescribed function of the VP
Reynolds number x and that the thermodynamics can be
related to the velocity field by means of a Croecco integral,
(8-17) constitutes a system of 7 equations for 9 dependent
variables (Rg, R, Rs, B3, ¢;, &7, F, &, x) with the CP Reynolds
number ¥ the sole independent variable. Accordingly, two
additional equations are required. One is obtained by invok-
ing the sublayer hypothesis which can be written?.1t

~ R~
. Ps Vs de;
T <ﬁsRys> Js 5 (19)

In view of the assumptions made earlier this is an implicit
relation of the form

G = &(Rfls;Réyéf;F>

or in view of (18)
& = 6(Rs,e,F) (19a)

The final equation is obtained by satisfying the first wall
compatibility condition in both flow regimes, i.e., we satisfy
the momentum equations (2) and (4) at y, 7 — 0 taking into
account the differentiation rules implied by the transforma-
tion and that

T — udu/dy, 7 — FOu/0F, at y, § 0
As a result of this procedure there is obtained
2F/e; = 2F/c; — (Olnpfi/0%), (20)
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Fig. 2 Magnitude of wake component in CP flows with
and without transpiration: F = 0 for open symbols,

F # 0 for solid symbols; squares, Ref. 145 circles, Ref. 15;
triangles, Ref. 20.
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Fig. 3 Comparison of velocity defect law Eq. (22) with
transpired velocity profile data—typical result;!® run A-18,

Ri = 2400, F = 0.0036.

Note that in the case of homogeneous injection at adiabatic
wall conditions (20) implies the invariance under the trans-
formation of the blowing parameter {. A similar conclusion
holds for the case g = const. However, note that for
heterogeneous injection this situation is not likely to arise.

IIl. Comparison of Theory and Experiment for
the CP Case

In order to assess the adequacy of the CP formulation
utilized here an extensive comparison with the available ex-
perimental data was conducted.!? Some representative re-
sults of this investigation are shown in Figs. 1-3. In Fig. 1
the inner region of the velocity field is compared with the law
of the wall portion of the assumed velocity variation. The
latter can be written as

0 = ke[(e,/2)V% + koF/4] + (1/2k1) [(e,/2)V2 + BF/2] X
In(Rs5%;/2) + (F/16k:?) [In(Rs%c,/2)]* (21)

For the value of F indicated in this figure, Eq. (21) was uti-
lized to generate several curves corresponding to different
choices of the skin-friction coefficient ¢;. In this manner the
value which best correlates the data can be established yield-
ing an “experimental”’ determination of the skin friction.
This procedure was first utilized by Clauser!? for the low-
speed impermeable case. It is evident from the results shown
that an unambiguous selection of ¢; can be made. Further-
more, the general agreement of the theoretical curves with
the data points verifies to some extent that the constants &
and k, are unaffected by transpiration as is assumed in the
derivation of (21).

For the outer region of the transpired velocity profile a
‘“defect law”’ can be formulated as for the impermeable case
and can be written

U.— U= [/k)[2 — w(a)] — Ina (22)

where II and w(e) are the Coles’ wake parameter and the
Coles’ wake function, respectively.!® Again both of these
are assumed to take on impermeable values even with trans-
piration. The validity of these assumptions was also exam-
ined in Ref. 11 as follows. Once the values of F, ¢;, and
Rj; for a particular profile have been established the value of
11 implied by (16) can be determined. This was done for a
number of cases as shown in Fig. 2 where transpired results
have been compared with similar data obtained from im-
permeable flows.!* It is clear that there is no trend indicated
which can be associated with transpiration as such. How-
ever, a tendency for II to approach zerc at low values of the
momentum thickness Reynolds number is apparent for both
the zero and nonzero cases. This observation has previously
been made by Coles.® Finally, the invariance of the wake
function w(a) with transpiration is demonstrated by the
representative result shown in Fig. 3.
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Fig.4 Estimate of VP skin-friction coefficient from trans-
pired velocity profile data—typical result with helium
injections¥ run H-3, Table 1.

IV. Comparison of Theory and Experiment for
the VP Case

Low-Speed Helium Injection

The flow configuration here is that of a boundary layer on
a porous circular eylinder with transpiration of helium into a
low speed (M. = 0.1) air stream.’ The data which is avail-
able includes velocity, temperature, and concentration profiles
with four different rates of uniform injection in the range
0.00022 < F < 0.0014. These profiles were obtained at
several streamwise stations along the axis of the cylinder
yielding a relatively small but significant Reynolds number
variation of 0.25 X 10¢ < x < 0.8 X 10¢ based on distance
measured from the origin of transpiration. A detailed
examination of the temperature and concentration profiles
indicated that the boundary layer was essentially isothermal
and that the concentration of helium varied linearly with %
from the wall value to zero at the outer edge. Accordingly,
the density distribution which appears in (19) and (20) was
taken to be

1/8) = 1 + Yae,(War/Wae — 1)(1 — @)

where Y g, denotes the local wall concentration of helium as
determined experimentally. The viscosity of the mixture was
determined from the local concentration using the relation
for a binary mixture given in Ref. 16.

As a first step in analyzing these results the value of ¢, for
each of the available profiles was determined in a manner
similar to that deseribed in a previous section. This involves
selection of several values of ¢; and the corresponding values
of F and ¢; and & which satisfy Eqgs. (12), (19), and (20).
One can then generate the velocity profile (in the inner re-
gion) in the form @ = @(&5/6) by use of Eq. (21). Since

By
Ry/6 = fo R,

Table I Summary of profile parameters deduced from
results of Ref. 15*

Run Fo cf ¥ cf F Re X

no. (+3) YHesw (+3) (+3) (+3) (=3) I (—6)
H3 0.22 0.058 3.9 4.8 -—0.29 0.94 0.33 0.26
H4 0.22 0.065 3.6 4.4 -—0.25 1.30 0.35 0.44
H5 0.22 0.075 3.4 4.4 —0.,3¢ 1.50 0.37 0.61
o6 0.22 0.083 3.1 4.2 -0.34 2.02 0.35 0.79
H7 0.43 0.116 3.4 4.9 —0.30 0.89 0.26 0.26
H8 0.43 0.135 3.0 4.5 —0.28 1.30 0.27 0.44
H9 0.43 0.149 3.0 4.8 -0.36 1.53 0.18 0.60
HI10 0.43 0.164 2.6 4.3 -0.26 1.90 0.27 0.77
HI11l 0.89 0.245 2.3 4.6 0.46  0.93 0.04 0.25
H12 0.89 0.303 1.8 4.1 0.72 1.26 0.10 0.42
H13 0.89 0.345 1.6 3.9 0.85 1.55 0.01 0.59
H14 0.89 0.382 1.5 3.9 0.95 1.87  —0.14 0.75
H1s5 1.37 0.385 1.5 3.8 2.08 0.92 —0.18 0.25
16 1.37 0.460 1.1 3.2 2.79 1.28 —0.23 0.41
H17 1.37 0.533 0.83 2.7 3.41 1.63 —0.30 0.57
H18 1.37 0.600 0.70 2.5 3.91 1.85 —0.32 0.73

2 Isothermal helinm injection with Me == 0.1,
Numbers in parenthesis denote powers of 10.
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Fig. 5 Variation of Coles’ wake parameter with density
ratio; circles, low-speed helium injection results;®
triangles, high-speed impermeable results.”

[e.f., Bq. (14)] and %(R,) and p(R,) are known experimen-
tally, the value of ¢, which best correlates the profiles can be
selected. Furthermore, by utilizing (16) the value of II in
the transformed plane can also be deduced.

This procedure has been applied to the sixteen profiles pre-
sented in Ref. 15 and the results are summarized in Table 1.
One of the generalized Clauser plots used to obtain estimates
of the skin friction is shown in Fig. 4 where the estimated
value of ¢; has been indicated by an asterisk. Evidently, the
law of the wall portion of the profiles is well correlated by this
procedure.

An interesting result of this profile analysis is the behavior
of the parameter II as determined from (16). As may be seen
in Table 1, a systematic decrease with increasing injection
rate is observed. This result is analogous to that obtained
by Baronti and Libby? in connection with an analysis of
velocity profiles on an impermeable flat plate at high speed
(1.7 < M. < 9). In this case, I was found to decrease more
or less systematically with increasing Mach number. This
similarity in behavior is demonstrated graphically in Fig. 5.
Here an attempt has been made to correlate the variation of
1I with the density ratio across the boundary layer. Although
not completely satisfactory, some correlation is evident.

Utilizing this correlation and the system of equations de-
seribed previously, predictions for the streamwise variation of
skin friction and momentum thickness were generated. A
representative comparison with experiment is shown in
Fig. 6. The corresponding velocity profiles as obtained from
this integration are also compared with experiment in Fig. 7.
Evidently, the agreement which is obtained is excellent in all
respects.

Finally, a comparison of the prediction of the present
method and that of Ref. 2 is shown in Fig. 8, where the net
reduction in skin-friction coefficient has been plotted vs the
blowing parameter {. The superiority of the present method
is clearly evident.

20

Fig. 6 Comparison

of theory and experi~

ment for streamwise 1
variation of skin
friction and mo-
mentum thickness
Reynolds number:
solid line, theoreti-
cal prediction; cir-
cles, data of Ref. 15
with helium injec-
tion at F = 0.00137.
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Fig. 7 Comparison of theory and experiment for stream-
wise velocity profile development: solid line, theoretical

prediction; circles, measurements of Ref. 15 with helium
injection at F = 0.00137.

High-Speed Homogeneous Injection

In this case, the flow configuration consisted of a flat, porous
region located downstream of an impermeable flat plate which
extended upstream through the throat of a supersonic nozzle.*
Nitrogen gas, heated sufficiently to obtain an adiabatic wall
condition at the porous surface, was injected into a Mach 3.2
external air stream. The distance from the throat to the
leading edge of the porous region was approximately 2 ft
while the point at which the skin-friction measurements were
made was located about 1 ft farther downstream. The skin-
friction measurements were made directly by utilizing a skin-
friction balance. Measurements were obtained at several
rates of injection and at two unit Reynolds number levels.
The resulting values of skin-friction coeflicient are sum-
marized in Table 2.

In the absence of any profile measurements, the density
distribution was taken to be that corresponding to a Crocco
integral, i.e., 1/ = To + (T:, — TW)ia + (1 — T,)@2 This
is a reasonable approximation particularly for the adiabatic
wall case involved here.

In order to generate predictions the system of equations
was integrated from a ‘“leading edge” with the blowing
parameter held fixed at various values corresponding to the
experimental conditions. The resulting variation of ¢; is
shown in Fig. 9. Then an “effective origin’ for each of the
runs was established by taking into account the impermeable
region upstream of the porous plate. This is accomplished
by first locating the virtual origin for the { = 0 case by
utilizing the corresponding value of Ry, which was experi-
mentally determined to be 33,400. The effective origin for
the various blowing cases is then established by assuming the
momentum thickness Reynolds number to be continuous
across the discontinuity existing at the origin of injection. A
crude rationale for this hypothesis follows from (10) if it is
assumed to hold in the arbitrarily small region Ax within
which the (finite) discontinuity occurs. In this case; (10)
may be written

Ab = (¢;/2 + F)Ax

then, since ¢; and F remain finite across the discontinuity,

e

- 5
% X =5(100 Fig. 8 Compari-
-8 son of theory and
% . experiment for
low-speed helium
injection: solid
line, present pre-
diction; broken
line, prediction of
Ref. 2; circles,
0 data of Ref. 15.
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Table 2 Summary of skin-friction results of Ref. 17+

F?

Cy
(+3) (+3) ¢ €1/6s,
A. Series I¢
0.21 0.69 0.6 0.77
0.40 0.57 1.4 0.64
0.51 0.51 2.0 0.57
0.55 0.50 2.2 0.55
0.63 0.43 2.9 0.48
0.81 0.35 4.6 0.39
0.92 0.30 6.2 0.33
0.98 0.29 6.7 0.33
1.02 0.29 7.1 0.32
1.06 0.24 8.7 0.27
1.19 0.22 10.6 0.25
1.36 0.22 12.6 0.24
1.40 0.15 18.3 0.17
1.41 0.23 12.0 0.26
B. Series I1¢
0.20 0.58 0.69 0.74
0.43 0.40 2.12 0.51
0.65 0.28 4.65 0.36

e Adiabatic nitrogen injection at Me = 3.2.
Numbers in parenthesis denote powers of 10.

¢ Based on Fig. 14 of Ref. 17 with ¢sy = 0.0009,
Based on Fig. 12 of Ref. 17 with ¢/, = 0.000785.

we obtain A — 0 as Az — 0, which implies continuity of ¢
and Ry if the external conditions are considered to be un-
affected by the transpiration.

In Fig. 10 the variation of the effective origin with { as
determined by this method has been shown superimposed on
the basic ¢; vs R, plot. Note that this locus of points re-
mains close to lines of constant Ke. This trend is associated
with small values of AR, relative to R., where AR, repre-
sents the extent of the porous region upstream of the point
of interest and R, represents the length of the impermeable
region preceding injection. Actually it can be demonstrated
that for AR./R ., — 0 the trace of the effective B is coinci-
dent with lines of constant Ry.

The predictions obtained in this manner are compared with
the experimental results in Figs. 11 and 12. In Fig. 11 the
comparison is made in absolute terms and it is evident that
good agreement is obtained. In Fig. 12 these results are pre-
sented in terms of net skin-friction reduction along with
several other curves corresponding to 1) the prediction that
the present analysis would yield if the effect of injection on
the virtual origin were not accounted for, i.e., with R, =
const.; 2) the prediction of Rubesin’s analysis® including the
virtual origin effect; and 3) the experimental results obtained
by Pappas and Okuno at Mach 3.2.1

These comparisons demonstrate the improvement which is
obtained when due account of the impermeable region is
taken. It also appears that the present method is superior
to the earlier analysis of Rubesin. Finally, it is interesting
to note the disparity between the two sets of experimental re-
sults which were obtained at nominally identical Mach num-
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Fig. 9 Streamwise variation of local skin-friction coeffi-
cient with homogeneous transpiration; M, = 3.2, adi-
abatic wall.
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Fig.10 Effect of transpiration on the virtual origin of the

flow configuration of Ref. 17: broken lines, locus of

effective Reynolds number; dashed lines, lines of constant
momentum thickness Reynolds number.

ber and wall temperature conditions. This disparity is
greater than would appear from this direct comparison since
the results of Ref. 18 (curve C) were obtained with a con-
figuration where AR./R., > 0 which corresponds very nearly
to the constant R. case in contrast to the (almost) constant
Ry results of Ref. 17. These results would indicate that the
Mach number effect indicated by the data of Ref. 18 is
illusory, at least insofar as reduction of local skin friction due
to transpiration. In this connection additional calculations
were generated over a range of Mach number from 1.0 to 4.3
and virtually no Mach number effect was observed.!

Ablation and Combustion of a Graphite Cylinder

The applicability of this formulation to a configuration in-
volving chemical reaction was examined in Ref. 19 and the
predictions compared with the data obtained by Denison.’
Here the test item consisted of a graphite cylinder forming
part of a blowdown system which could provide a controlled
mixture of oxygen and nitrogen as the tunnel fluid. The
cylinder was preheated inductively to a temperature of ap-
proximately 3000°F. The subsequent flow of oxidizing gas
over the hot graphite caused ignition and further heating, by
virtue of combustion, to some equilibrium temperature which
varied according to the external concentration and pressure
level. These temperatures were determined experimentally
by employing a radiamatic pyrometer. In addition, the in-
stantaneous surface recession was obtained by means of a
specially designed x-ray system.

In order to derive the required energy and species solutions
for this case, Crocco integral variations were assumed for
total enthalpy and element mass fractions. Then, if a flame
sheet model for combustion is adopted and due acecount is
taken of the environmental conditions of the tests it is found
thatT 1) the flame sheet coincides with the surface 4y = 0, 2)
the blowing parameter { is related to the external mass frac-
tion of oxygen by { = (£)Yo,, 3) the prevailing molecular
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Fig. 11 Comparison of theoretical predictions for local
skin friction with data of Ref. 17: triangles and solid line,
series I; circles and broken line, series II, (c.f. table II).

9 See Ref. 19 for more detailed development.
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Fig. 12 Comparison of theory and experiment for high-

speed homogeneous injection (M, = 3.2, adiabatic wall):

solid line, present prediction; curve A, present prediction

with R, = const.; eurve B, prediction of Ref. 3; curve C,

faired curve through data of Ref. 18; symbols, data of Ref.
17.

species include only CO, O, and N, and are related to the
velocity distribution by

Yeo = (1 —@)/1+¢)
YOQ = YOzea
Yo = V(1 + {@)/(1 + §)

Integration of the working equations was then carried out
using these representations with { maintained constant at
the appropriate value yielding the variation of ¢, with stream-
wise Reynolds number as shown in Fig. 13. From these re-
sults the steady-state ablation rate 7., was computed from
the relation

My = {pie(cs/2)

which follows from the definitions. Here the appropriate
value of ¢;/2 was determined by taking the leading edge of
the eylinder to be the effective origin. The results of this
caleulation are compared with the experimental data and with
the predictions of an earlier analysis® in Fig. 14. As may be
seen the current prediction exhibits good agreement with the
data and shows marked improvement over the earlier predie-
tion.

V. Conclusions

The results of this study can be summarized as follows.

The feasibility of extending Coles’ compressibility trans-
formation to turbulent boundary-layer flows with mass trans-
fer has been demonstrated, at least for the zero pressure
gradient case.

Application of this method to the high-speed homogeneous
case, low-speed binary case, and to a case involving the abla-

'0-1F
SYMBOL| ¢ Yo, [Tu (°K)
—— |a74 {232 | 1800
—-— 1.375 | .50 | 2300
< ---- |75 |10 | 2800
[V Ry
107 == T~ \\
\\\\ =~
R N
\xﬁ%
T
107
4 5
10 10 10° 10 1o’
RX

Fig. 13 Streamwise variation of local skin-friction coeffi-
cient on a graphite cylinder with ablation and equilibrium
combustion as a function of surface temperature and
external stream oxygen mass fraction (M, = 041, T, =
285°K). :
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tion and combustion of a graphite cylinder in conjunction
with Crocco type integral solutions for energy and species
has been shown to yield more accurate predictions for gross
boundary-layer properties than those obtained using earlier
analyses. This improvement can be attributed to the more
realistic representation of the fluid mechanics that the trans-
formation technigue provides.

The transformation correctly maps VP velocity profiles to
CP form in the inner law of the wall region. However, in
complete analogy with the impermeable results of Ref. 7, the
transformation distorts the “wake portion’ of the profiles in
the sense that the flat plate value of the Coles wake param-
eter Il is not recovered. The magnitude of this distortion
has been shown to be roughly correlated by the density
ratio p./p. across the boundary layer.
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